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1. Introduction
During the last several years, considerable attention has been paid to the study of boundedness of singular integrals with
non-doubling measures; see [6,8–14]. Let μ be a Radon measure on Rd which only satisﬁes the following growth condition
μ
(
B(x, r)
)
 C0rn (1.1)
for all x ∈Rd and r > 0, where C is independent of x and r, n is a ﬁxed number satisfying 0 < n d. Here μ is not assumed
to satisfy the doubling condition. We recall that μ is said to satisfy the doubling condition if there exists some positive
constant C such that μ(B(x,2r)) Cμ(B(x, r)) for all x ∈ suppμ and r > 0. It is well known that the doubling condition is
an essential assumption in the analysis on spaces of homogeneous type.
Let K (x, y) be a function on Rd ×Rd\{(x, y): x = y} that satisﬁes∣∣K (x, y)∣∣ C |x− y|−n, (1.2)
for x = y, and if |x− y| 2|x− x′|,∣∣K (x, y) − K (x′, y)∣∣+ ∣∣K (y, x) − K (y, x′)∣∣ C |x− x′|δ|x− y|n+δ , (1.3)
where δ ∈ (0,1] and C > 0 is a positive constant. The Calderón–Zygmund operator associated to the above kernel K and the
measure μ is formally deﬁned by
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∫
Rd
K (x, y) f (y)dμ(y). (1.4)
This integral may be not convergent for many functions. Thus we consider the truncated operators Tε for ε > 0 deﬁned by
Tε f (x) =
∫
|x−y|>ε
K (x, y) f (y)dμ(y). (1.5)
We say that T is bounded on Lp(μ) if the operators Tε are bounded on Lp(μ) uniformly on ε > 0, and T satisﬁes the weak
type estimate if the operators Tε satisfy the same weak type estimate uniformly on ε > 0.
Before stating our results, we ﬁrst recall some deﬁnitions and notations.
By a cube Q ⊂ Rd we mean a closed cube whose sides parallel to the axes and we denote its side length by lQ . Let α and
βd be positive constants such that α > 1 and βd > αn . For a cube Q , we say that Q is (α,β)-doubling if μ(αQ ) βμ(Q ),
where αQ denotes the cube concentric with Q and having side length αlQ . For two cubes Q 1 ⊂ Q 2, set
SQ 1,Q 2 = 1+
NQ1,Q2∑
k=1
μ(2k Q 1)
(l2k Q 1)
n
,
where NQ 1,Q 2 is the ﬁrst positive integer k such that l2k Q 1  lQ 2 .
Deﬁnition 1.1. Let α and βd be positive constants such that α > 1 and βd > αn , ρ > 1 and b be a μ-locally integrable
function on Rd . We say b belongs to the space RBMO(μ) if there is a constant B > 0 such that
sup
Q
1
μ(ρQ )
∫
Q
∣∣b(x) −mQ˜ (b)∣∣dμ(x) B < ∞, (1.6)
and if Q 1 ⊂ Q 2 are doubling cubes,∣∣mQ 1(b) −mQ 2(b)∣∣ BSQ 1,Q 2 , (1.7)
where the supremum is taken over all cubes centered at points in supp μ, Q˜ is the smallest (α,βd)-doubling cube of the
form 2k Q with k ∈ N∪ {0}, and mQ˜ (b) is the mean value of b on Q˜ , namely,
mQ˜ (b) =
1
μ(Q˜ )
∫
Q˜
b(x)dμ(x).
The minimal constant B appearing in (1.6) and (1.7) is the RBMO(μ) norm of b and is denoted by ‖b‖∗ .
The space RBMO(μ) was introduced by Tolsa [12]. Tolsa showed that the deﬁnition of RBMO(μ) does not depend on the
choices of numbers ρ , α and βd provided that ρ > 1, α > 1 and βd > αn . Furthermore, Tolsa proved that RBMO(μ) is small
enough to fulﬁll the properties enjoyed by the classical BMO space introduced by John and Nirenberg, and big enough so
that an L2(μ) bounded operator T deﬁned by (1.4) is also bounded from L∞(μ) to RBMO(μ); see Sections 2 and 3 in [12]
for details.
Let T be the Calderón–Zygmund operator deﬁned by (1.4), k ∈ N and bi ∈ RBMO(μ), i = 1,2, . . . ,k, the maximal multi-
linear commutators T
b and M
b are formally deﬁned by
T ∗
b f (x) = supε>0
∣∣∣∣∣
∫
|x−y|>ε
K (x, y)
[
m∏
i=1
(
bi(x) − bi(y)
)]
f (y)dμ(y)
∣∣∣∣∣, (1.8)
and
M
b f (x) = sup
r>0
1
rn
∫
|x−y|r
m∏
i=1
∣∣bi(x) − bi(y)∣∣∣∣ f (y)∣∣dμ(y). (1.9)
Here in (1.8) and (1.9), T stands for a weak limit as ε → 0 of some subsequence of the uniformly bounded operators Tε ;
see [12].
When μ is the d-dimensional Lebesgue measure, the commutators of singular integrals with BMO functions were in-
troduced by Coifman, Rochberg and Weiss in [7] and their Lp boundedness for 1 < p < ∞ was also established. Also it is
show in [2] that these operators were not of weak type (1,1) but satisﬁed an L log L type estimate. In [1], Alphonse proved
that a similar results were hold for a maximal commutators deﬁned as (1.8) in the case that m = 1. Later on, C. Pérez
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C. Pérez and Trujillo-González extend the result of [2] to a multilinear type operator in [5].
In [10], Hu and the authors obtained the (Lp(μ), Lp(μ))-type estimate (1 < p < ∞) and the weak type endpoint
estimate for multilinear commutators generated by Calderón–Zygmund operator T and RBMO(μ) functions deﬁned as
T
b f (x) =
∫
Rd
K (x, y)[∏mi=1(bi(x) − bi(y))] f (y)dμ(y). Recently, when m = 1 and 
b = b, Chen and Miao [6] studied the max-
imal commutator deﬁned as
T ∗b f (x) = sup
ε>0
∣∣∣∣ ∫
|x−y|>ε
K (x, y)
[
b(x) − b(y)] f (y)dμ(y)∣∣∣∣,
and proved that if T is bounded on L2(μ), then T ∗b is bounded on L
p(μ) for 1 < p < ∞ by using boundedness of vector-
valued Calderón–Zygmund commutator on Lp(μ).
The purpose of this paper is to prove Lp(μ)-boundedness (1 < p < ∞) and L log L type endpoint estimates for the
maximal multilinear commutators generated by T and RBMO(μ) functions or Oscexp Lr (μ) functions. Our main results are
the following:
Theorem 1.1. Let m ∈ N and for i = 1,2, . . . ,k, bi ∈ RBMO(μ). Let T and T ∗
b be as in (1.4) and (1.8), respectively. Suppose that T is
bounded on L2(μ), then there exists a positive constant C such that for all f ∈ Lp(μ),∥∥T ∗
b f ∥∥Lp(μ)  C‖
b‖∗‖ f ‖Lp(μ), 1< p < ∞.
Theorem 1.2. Let m ∈ N and for i = 1,2, . . . ,k, bi ∈ RBMO(μ). Let T and M
b be as in (1.4) and (1.9), respectively. Suppose that T is
bounded on L2(μ), then there exists a positive constant C such that for all f ∈ Lp(μ),
‖M
b f ‖Lp(μ)  C‖
b‖∗‖ f ‖Lp(μ), 1 < p < ∞.
The endpoint case of Theorems 1.1 and 1.2 are also considered in this paper. To this end, we ﬁrst recall the deﬁnition of
the following function space of Orlicz type, which is a variant with a non-doubling measure of the space Oscexp Lr in [5];
see also [10].
Deﬁnition 1.2. For r  1, a locally integrable function f is said to belong to the space Oscexp Lr (μ) if there id a constant
C1 > 0 such that
(i) for any cube Q ⊂ Rd∥∥ f −mQ˜ ( f )∥∥Oscexp Lr ,Q ,μ/μ(2Q ) = inf
{
λ > 0:
1
μ(2Q )
∫
Q
exp
( | f −mQ˜ ( f )|
λ
)r
dμ 2
}
 C1;
(ii) for any doubling cubes Q 1 ⊂ Q 2,∣∣mQ 1( f ) −mQ 2( f )∣∣ C1SQ 1,Q 2 .
The minimal constant C1 satisfying (i) and (ii) is the Oscexp Lr (μ) norm of f and deﬁned by ‖ f ‖Oscexp Lr (μ) . By [10], we
know for any r  1, Oscexp Lr (μ) ⊂ RBMO(μ), especially Oscexp L1 (μ) = RBMO(μ), and if r1 > r2  1, then Oscexp Lr1 (μ) ⊂
Oscexp Lr2 (μ).
To state the estimate for the commutator, we need to introduce the following notation. For 1  i m, we denote by
Cmi the family of all ﬁnite subsets σ = {σ(1), . . . , σ (i)} of {1,2, . . . ,m} with i different elements. For any σ ∈ Cmi , the
complementary sequence σ ′ is given by σ ′ = {1,2, . . . ,m}\σ . For any σ = {σ(1),σ (2), . . . , σ (i)} ∈ Cmi , we write for any
m-tuple r = (r1, r2, . . . , rm), 1/rσ = 1/rσ(1) + · · · + 1/rσ(i) and 1/rσ ′ = 1/r − 1/rσ , where 1/r = 1/r1 + · · · + 1/rm . Let 
b =
(b1,b2, . . . ,bm) be a ﬁnite family of locally integrable functions. For all 1  i m and σ = {σ(1), . . . , σ (i)} ∈ Cmi , we will
denote 
bσ = (bσ(1), . . . ,bσ(i)) and the product bσ = bσ(1) · · ·bσ(i) , with this notation, we write
‖
bσ ‖∗ = ‖bσ(1)‖∗ · · · ‖bσ(i)‖∗
and
‖
bσ ‖Oscexp Lrσ (μ) = ‖bσ(1)‖Oscexp Lrσ(1) (μ) · · · ‖bσ(i)‖Oscexp Lrσ(i) (μ).
In particular, for i ∈ {1,2, . . . ,m} and σ = {σ(1),σ (2), . . . , σ (i)} ∈ Cm ,i
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b(y) − b(z)]
σ
= [bσ(1)(y) − bσ(1)(z)] · · · [bσ(i)(y) − bσ(i)(z)],
and [
mQ˜ b − b(y)
]
σ
= [mQ˜ bσ(1) − bσ(1)(y)] · · · [mQ˜ bσ(i) − bσ(i)(y)],
where Q is any cube in Rd and y, z ∈ Rd .
For the product of all the functions, we simply write
‖
b‖∗ = ‖b1‖∗ · · · ‖bm‖∗
and
‖
bσ ‖Oscexp Lr (μ) = ‖bσ(1)‖Oscexp Lrσ(1) (μ) · · · ‖bσ(m)‖Oscexp Lrσ(m) (μ).
For any σ ∈ Cmi , we set
T
bσ f (x) := [
bσ , T ] f (x) =
[
bσ(i),
[
bσ(i−1), . . . , [bσ(1), T ]
]]
f (x).
In particular, when σ = {1,2, . . . ,m}, we denote T
bσ simply by T
b .
For α > 0, a cube Q and appropriate function f , deﬁne
‖ f ‖L(log L)α,Q ,μ/μ(2Q ) = inf
{
λ > 0:
1
μ(2Q )
∫
Q
| f (x)|
λ
logα
(
2+ | f (x)|
λ
)
dμ(x) 1
}
,
and
‖ f ‖exp Lα,Q ,μ/μ(2Q ) = inf
{
λ > 0:
1
μ(2Q )
∫
Q
exp
( | f (x)|
λ
)α
dμ(x) 2
}
.
Since
Ω1/r(t) = t log1/r(2+ t)
is a Young function and its complementary Young function is
Λr(t) ∼ exp tr .
The generalized Hölder inequality
1
μ(2Q )
∫
Q
∣∣ f (x)b1(x) · · ·bm(x)∣∣dμ(x) C‖ f ‖L(log L)1/r ,Q ,μ/μ(2Q ) × ‖b1‖exp Lr1 ,Q ,μ/μ(2Q ) · · · ‖bm‖exp Lrm ,Q ,μ/μ(2Q )
holds for μ-locally integrable functions f and bi , i = 1,2, . . . ,m, and any cube Q , where r1, r2, . . . , rm  1, 1/r =
1/r1 + · · · + 1/rm; see [5,10] and the related references therein.
The following weak type estimates are the main results of this paper.
Theorem 1.3. Let m ∈ N and bi ∈ Oscexp Lri (μ) for i = 1,2, . . . ,m. Let T and T ∗
b be as in (1.4) and (1.8), respectively. Suppose T is
bounded on L2(μ), then there exists a constant C > 0 such that for all λ > 0 and all bounded functions f with compact support,
μ
({
x ∈ Rd: ∣∣T ∗
b f (x)∣∣> λ}) CΩ1/r(‖
b‖Oscexp Lr (μ))
∫
Rd
| f (y)|
λ
log1/r
(
2+ | f (y)|
λ
)
dμ(y),
where 1/r = 1/r1 + · · · + 1/rm and for t > 0, Ωs(t) = t logs(2+ t) for all t > 0 and s > 0.
Theorem 1.4. Same suppose as in Theorem 1.3. Then there exists a constant C > 0 such that for all λ > 0 and all bounded functions f
with compact support
μ
({
x ∈ Rd: ∣∣M
b f (x)∣∣> λ}) CΩ1/r(‖
b‖Oscexp Lr (μ))∫
Rd
| f (y)|
λ
log1/r
(
2+ | f (y)|
λ
)
dμ(y).
Throughout this paper, C denotes a constant that is independent of the main parameters involved but whose value may
differ from line to line. For any index p ∈ [1,∞], we denote by p′ its conjugate index, namely, 1/p + 1/p′ = 1. For A ∼ B ,
we mean that there is a constant C > 0 such that C−1B  A  C B .
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The kernel Kε(x, y) = K (x, y)χ{|x−y|>ε} does not verify, in general, condition (1.3). So, it will not be a Calderón–Zygmund
kernel and we have to get a smooth version of it. To be precise, take ϕ,ψ ∈ C∞ . Such that |ϕ′(t)| c/t , |ψ ′(t)| c/t and
χ[1,∞]  ϕ  χ[1/2,∞] , χ[0,1] ψ  χ[0,2], and we deﬁne new kernels
KΦε (x, y) := K (x, y)ϕ
( |x− y|
ε
)
, KΨε (x, y) :=
1
εn
ψ
( |x− y|
ε
)
.
The properties of K , ϕ and ψ imply that KΦε and KΨε are Calderón–Zygmund kernels, satisfy conditions (1.2) and (1.3). We
consider the operators associated with KΦε and MΨε
Φ∗ f (x) = sup
ε>0
∣∣∣∣ ∫
|x−y|>ε
M(x, y)ϕ
( |x− y|
ε
)
f (y)dμ(y)
∣∣∣∣= sup
ε>0
∣∣Φε f (x)∣∣,
and
Ψ ∗ f (x) = sup
ε>0
1
εn
∫
Rd
ψ
( |x− y|
ε
)∣∣ f (y)∣∣dμ(y) = sup
ε>0
Ψε f (x).
García-Cuerva and Martell proved that Φ∗ and Ψ ∗ are bounded on Lp(μ) for 1 < p < ∞, see [9]. We deﬁne multilinear
commutators
[
b,Φ]∗ f (x) = sup
ε>0
∣∣∣∣∣
∫
Rd
MΦε (x, y)
(
m∏
i=1
[
bi(x) − bi(y)
])
f (y)dμ(y)
∣∣∣∣∣= supε>0 ∣∣[
b,Φε] f (x)∣∣, (2.10)
and
[
b,Ψ ]∗ f (x) = sup
ε>0
∣∣∣∣∣
∫
Rd
MΨε (x, y)
(
m∏
i=1
[
bi(x) − bi(y)
])
f (y)dμ(y)
∣∣∣∣∣= supε>0 ∣∣[
b,Ψε] f (x)∣∣. (2.11)
By the properties of ϕ and ψ , it is easy to see that
[
b, T ]∗ f (x) [
b,Φ]∗ f (x) + [
b,Ψ ]∗ f (x). (2.12)
In order to prove Theorems 1.1 and 1.2, we need to introduce the sharp maximal function
M f (x) = sup
Q x
1
μ( 32 Q )
∫
Q
∣∣ f (y) −mQ˜ ( f )∣∣dμ(y) + sup
x∈Q ⊂R
Q ,R doubling
mQ ( f ) −mR( f )
SQ ,R
,
and the non-centered doubling maximal operator:
N f (x) = sup
Q x
Q doubling
1
μ(Q )
∫
Q
∣∣ f (y)∣∣dμ(y).
By the Lebesgue differential theorem, it is easy to see that for any f ∈ L1loc(μ),∣∣ f (x)∣∣ Nf (x)
for μ-a.e. x ∈Rd; see [12] for details.
Lemma 2.1. (See [12].) Let f ∈ L1loc(μ) with
∫
Rd
f dμ = 0 if ‖μ‖ < ∞. For 1 < p < ∞, if inf(1,N f ) ∈ Lp(μ), then
‖Nf ‖Lp(μ)  C
∥∥M f ∥∥Lp(μ).
Proof of Theorem 1.1. It suﬃces to show that, for m ∈N and bi ∈ RBMO(μ), i = 1,2, . . . ,m and 1 < p < ∞,∥∥[
b,Φ]∗ f ∥∥Lp(μ)  C‖
b‖∗‖ f ‖Lp(μ), (2.13)
and ∥∥[
b,Ψ ]∗ f ∥∥ p  C‖
b‖∗‖ f ‖Lp(μ), (2.14)L (μ)
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C1M
b f (x) [
b,Ψ ]∗ f (x) C2M
b f (x). (2.15)
We prove (2.13) and (2.14) by induction on m. Chen and Miao proved the boundedness when m = 1, see [6]. Now we
assume that m  2 is a integer and that for any 1  i m − 1 and any subset σ = {σ(1),σ (2), . . . , σ (i)} of {1,2, . . . ,m}.
[
b,Ψ ]∗ and [
b,Ψ ]∗ are bounded on Lp(μ) for any p ∈ (1,∞). Firstly, we consider the sharp estimates
M
([
b,Ψ ]∗ f )(x) C‖
b‖∗{Mr,( 32 ) f (x) + Mr,( 98 ) f (x) + Ψ ∗ f (x)}+ C
m−1∑
i=1
∑
σ∈Cmi
‖
bσ ‖∗Mr,( 32 )
([
bσ ′ ,Ψ ]∗ f )(x), (2.16)
and
M
([
b,Φ]∗ f )(x) C‖
b‖∗{Mr,( 32 ) f (x) + Mr,( 98 ) f (x) + M( 98 ) f (x) + Ψ ∗ f (x) + T ∗ f (x)}
+ C
m−1∑
i=1
∑
σ∈Cmi
‖
bσ ‖∗Mr,( 32 )
([
bσ ′ ,Φ]∗ f )(x). (2.17)
The proofs of (2.16) and (2.17) are similar, here we only prove the ﬁrst one. As the proof of Theorem 2 in [10], it suﬃces to
show
1
μ(3/2Q )
∫
Q
∣∣ f (y) − hQ ( f )∣∣dμ(y) C‖
b‖∗{Mr,( 98 ) f (x) + Mr,( 32 ) f (x)}
+ C
m−1∑
i=1
∑
σ∈Cmi
‖
bσ ‖∗Mr,( 32 )
([
bσ ′ ,Ψ ]∗ f )(x), (2.18)
holds for any x and Q with x ∈ Q , and∣∣hQ ( f ) − hR( f )∣∣ C Sm+1Q ,R ‖
b‖∗{Mr,( 98 ) f (x) + Ψ ∗ f (x)}, (2.19)
holds for any cubes Q ⊂ R with x ∈ Q , where Q is an arbitrary cube, R is a doubling cube,
hQ ( f ) = sup
ε>0
∣∣∣∣∣ 1μ(Q )
∫
Q
Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χ
Rd\ 43 Q
)
(y)dμ(y)
∣∣∣∣∣,
and
hR( f ) = sup
ε>0
∣∣∣∣∣ 1μ(R)
∫
R
Ψε
(
m∏
i=1
[
bi −mR˜(bi)
]
f χ
Rd\ 43 R
)
(y)dμ(y)
∣∣∣∣∣.
Let us ﬁrst prove (2.18). It is easy to check that
[
b,Ψε] f (y) = Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f
)
(y) −
m∑
i=1
∑
σ∈Cmi
[
b −mQ˜ (b)
]
σ
[
bσ ′ ,Ψε] f (y).
For a ﬁxed Q ⊂ Rd and x ∈ Q , we have
1
μ(3/2Q )
∫
Q
∣∣[
b,Ψ ]∗ f (y) − hQ ( f )∣∣dμ(y) 1
μ(3/2Q )
∫
Q
∣∣∣∣∣ supε>0
∣∣∣∣∣Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f
)
(y)
−
m∑
i=1
∑
σ∈cmi
[
b −mQ˜ (b)
]
σ
[
bσ ′ ,Ψε] f (y)
∣∣∣∣∣− hQ ( f )
∣∣∣∣∣dμ(y)
 1
μ(3/2Q )
∫
Q
∣∣∣∣∣Ψ ∗
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χ 4
3 Q
)
(y)
∣∣∣∣∣dμ(y)
+ 1
μ(3/2Q )
∫ m∑
i=1
∑
σ∈Cm
∣∣[b(y) −mQ˜ (b)]σ [
bσ ′ ,Ψ ]∗ f (y)∣∣dμ(y)
Q i
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μ(3/2Q )
∫
Q
sup
ε>0
∣∣∣∣∣Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χ
Rd\ 43 Q
)
(y) − hQ ( f )
∣∣∣∣∣dμ(y)
= I+ II+ III.
Take s = √r, by the Ls(μ)-boundedness of Ψ ∗ , it follows that
I C μ(Q )
1−1/s
μ(3/2Q )
∥∥∥∥∥Ψ ∗
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χ 4
3 Q
)∥∥∥∥∥
Ls(μ)
 C 1
μ(3/2Q )1/s
∥∥∥∥∥
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χ 4
3 Q
)∥∥∥∥∥
Ls(μ)
 C 1
μ(3/2Q )1/s
{ ∫
4
3 Q
m∏
i=1
∣∣bi(y) −mQ˜ (bi)∣∣ss′ dμ(y)
}1/ss′{ ∫
4
3 Q
| f |ss dμ(y)
}1/ss
 C‖
b‖∗Mr,( 98 ) f (x),
here we used the Hölder inequality and expended the Corollary 3.5 in [12]. Similarly, we have
II
m∑
i=1
∑
σ∈Cmi
1
μ(3/2Q )
{∫
Q
∣∣[b(y) −mQ˜ (b)]σ ∣∣r′ dμ(y)
}1/r′{∫
Q
∣∣[
bσ ′ ,Ψ ]∗ f (y)∣∣r dμ(y)
}1/r
 C
m∑
i=1
∑
σ∈Cmi
‖
bσ ‖∗Mr,( 32 )
([
bσ ′ ,Ψ ]∗ f )(x).
For III, by the properties of KΨε , we have
III 1
μ(3/2Q )
∫
Q
sup
ε>0
1
μ(Q )
∫
Q
∫
Rd
∣∣KΨε (u, y) − KΨε (z,u)∣∣
∣∣∣∣∣
m∏
i=1
[
bi(u) −mQ˜ (bi)
]
f χ
Rd\ 43 Q (u)
∣∣∣∣∣dμ(u)dμ(z)dμ(y)
 C 1
μ(3/2Q )
∫
Q
∫
Rd
(Q )δ
|z − u|n+δ
∣∣∣∣∣
m∏
i=1
[
bi(u) −mQ˜ (bi)
]
f χ
Rd\ 43 Q (u)
∣∣∣∣∣dμ(u)dμ(z)
 C
∞∑
j=1
∫
2 j 43 Q \2 j−1 43 Q
[
m∏
i=1
(∣∣bi(u) −m˜2 j 43 Q (bi)∣∣+ ∣∣m˜2 j 43 Q (bi) −mQ˜ (bi)∣∣)
]∣∣ f (u)∣∣ (Q )δ
(2 j 43 Q )
n+δ dμ(u)
 C
∞∑
j=1
∫
2 j 43 Q \2 j−1 43 Q
m∑
i=1
∑
σ∈Cmi
∣∣[b(u) −m˜2 j 43 Q (b)]σ ∣∣
× ∣∣[m˜2 j 43 Q (b) −mQ˜ (b)]σ ′ ∣∣∣∣ f (u)∣∣ 2
− j
(2 j Q )n
dμ(u)
 C
∞∑
j=1
m∑
i=1
∑
σ∈Cmi
‖
bσ ′ ‖∗ jm−i 2
− j
(2 j Q )n
∫
2 j 43 Q
∣∣[b(u) −m˜2 j 43 Q (b)]σ ∣∣∣∣ f (u)∣∣dμ(u)
 C
∞∑
j=1
m∑
i=1
∑
σ∈Cmi
jm−i2− j‖
bσ ′ ‖∗‖
bσ ‖∗Mr,( 98 ) f (x) C‖
b‖∗Mr,( 98 ) f (x),
here we used the fact that, M
Q˜ ,˜2 j 43 Q
 MQ ,2 j 43 Q  j. Combining the estimates for I, II and III, we obtain (2.18).
Now, from the choice of {hQ }Q as above, we turn to estimate (2.19) for any doubling cubes R with x ∈ Q ⊂ R and denote
NQ ,R + 1 simply by N ,
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ε>0
∣∣∣∣∣mQ
[
Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χ
Rd\ 43 Q
)]
−mR
[
Ψε
(
m∏
i=1
[
bi −mR˜(bi)
]
f χ
Rd\ 43 R
)]∣∣∣∣∣
 sup
ε>0
∣∣∣∣∣mQ
[
Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χ2N Q \ 43 Q
)]∣∣∣∣∣+ supε>0
∣∣∣∣∣mR
[
Ψε
(
m∏
i=1
[
bi −mR(bi)
]
f χ2N Q \ 43 R
)]∣∣∣∣∣
+ sup
ε>0
∣∣∣∣∣mR
[
Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χRd\2N Q
)]
−mQ
[
Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χRd\2N Q
)]∣∣∣∣∣
+ sup
ε>0
∣∣∣∣∣mR
[
Ψε
(
m∏
i=1
[
bi −mR(bi)
]
f χRd\2N Q
)]
−mR
[
Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χRd\2N Q
)]∣∣∣∣∣
:= U1 + U2 + U3 + U4.
Applying Hölder inequality, we get
U1  C
1
μ(Q )
∫
Q
∫
2N Q \ 43 Q
1
|y − z|n
[
m∏
i=1
∣∣bi(z) −mR˜(bi)∣∣
]∣∣ f (z)∣∣dμ(z)dμ(y)
 C
N−1∑
j=1
m∑
i=0
∑
σ∈Cmi
1
(2 j Q )n
∫
2 j+1Q \2 j Q
∣∣[b(z) −m
2˜ j+1Q
(b)
]
σ
∣∣∣∣[m
2˜ j+1Q
(b) −mR˜(b)
]
σ ′
∣∣∣∣ f (z)∣∣dμ(z)
+ 1
(2Q )n
∫
2Q \ 43 Q
[
m∏
i=1
∣∣bi(z) −mR˜(bi)∣∣
]∣∣ f (z)∣∣dμ(z)
 C
N−1∑
j=1
m∑
i=0
∑
σ∈Cmi
1
(2 j Q )n
Sm−iQ ,R‖
bσ ′ ‖∗
∫
2 j+1Q
∣∣[b(z) −m
2˜ j+1Q
(b)
]
σ
∣∣∣∣ f (z)∣∣dμ(z)
+ 1
(2Q )n
{ ∫
2Q
[
m∏
i=1
∣∣bi(z) −mR˜(bi)∣∣r′
]∣∣ f (z)∣∣dμ(z)}1/r′{ ∫
2Q
∣∣ f (z)∣∣r dμ(z)}1/r
 C
N−1∑
j=1
m∑
i=0
∑
σ∈Cmi
μ(2 j+2Q )
(2 j+1Q )n
SmQ ,R‖
bσ ‖∗‖
bσ ′ ‖∗Mr,( 98 ) f (x) + C‖
b‖∗Mr,( 98 ) f (x)
 C Sm+1Q ,R ‖
b‖∗Mr,( 98 ) f (x).
For y ∈ R , we have
U2  C
1
μ(R)
∫
R
∫
2N Q \ 43 R
[
m∏
i=1
∣∣bi(z) −mR˜(bi)∣∣
]
| f (z)|
|y − z|n dμ(z)dμ(y)
 C
{
1
(2N Q )n
∫
2N Q
m∏
i=1
∣∣bi(z) −mR˜(bi)∣∣r′ dμ(z)
}1/r′{
1
(2N Q )n
∫
2N Q
∣∣ f (z)∣∣r}1/r
 C‖
b‖∗Mr,( 98 ) f (x).
An estimate similar to that for III tells us that
U3  C‖
b‖∗Mr,( 98 ) f (x).
Finally, we estimate U4. It is easy to see that for x, y ∈ Q , we have∣∣∣∣∣Ψε
(
m∏
i=1
[
bi −mQ˜ (bi)
]
f χRd\2N Q
)
(y) − Ψε
(
m∏
i=1
[
bi −mR(bi)
]
f χRd\2N Q
)
(y)
∣∣∣∣∣

∣∣∣∣∣Ψε
(
m∏
i=1
[
bi −mR(bi)
]
f χRd\2N Q
)
(y) −
m∑
i=0
∑
σ∈Cm
[
mQ˜ (b) −mR(b)
]
σ ′Ψε
([
b −mR(b)
]
σ
f χRd\2N Q
)
(y)
∣∣∣∣∣
i
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m−1∑
i=0
∑
σ∈Cmi
Sm−iQ ,R‖
bσ ′ ‖∗
∣∣Ψε([b −mR(b)]σ f χRd\2N Q )(y)∣∣
 C
m−1∑
i=0
∑
σ∈Cmi
Sm−iQ ,R‖
bσ ′ ‖∗
{∣∣Ψε([b −mR(b)]σ f )(y)∣∣+ ∣∣Ψε([b −mR(b)]σ f χ2N Q )(y)∣∣}
 C
m−1∑
i=0
∑
σ∈Cmi
Sm−iQ ,R‖
bσ ′ ‖∗
{
i∑
j=0
∑
θ∈Cij
∣∣b(y) −mR(b)]θ ′ ∣∣∣∣[Ψε, 
bθ ] f (y)∣∣
+ ∣∣Ψε([b −mR(b)]σ f χ2N Q \ 43 R)(y)∣∣+ ∣∣Ψε([b −mR(b)]σ f χ 43 R)(y)∣∣
}
.
By the Hölder inequality and the fact that R is a doubling cube, it follows that
1
μ(R)
∫
R
∣∣b(y) −mR(b)]θ ′ ∣∣∣∣[Ψε, 
bθ ] f (y)∣∣dμ(y) C‖
bθ ′ ‖∗M1/sθ ,( 98 )([Ψ, 
bθ ]∗) f (x). (2.20)
From the Hölder’s inequality and the condition (1.1), for y ∈ R , it is easy to see∣∣Ψε([b −mR(b)]σ f χ2N Q \ 43 R)(y)∣∣
∫
2N Q \ 43 R
∣∣K (y, z)∣∣∣∣[b(z) −mR(b)]σ ∣∣∣∣ f (z)∣∣dμ(z)
 C
(R)n
∫
2N Q
∣∣[b(z) −mR(b)]σ ∣∣∣∣ f (z)∣∣dμ(z)
 C‖
bσ ‖∗M1/s,( 98 ) f (x).
Taking the mean over y ∈ R , we obtain
mR
[∣∣Ψε([b −mR(b)]σ f χ2N Q \ 43 R)∣∣] C‖
bσ ‖∗M1/s,( 98 ) f (x). (2.21)
An argument similar to the estimate for E1 leads to
mR
[∣∣Ψε([b −mR(b)]σ f χ 43 R)∣∣] C‖
bσ ‖∗M1/s,( 98 ) f (x). (2.22)
The estimates (2.20)–(2.22) indicate
U4  C SmQ ,R
{
m−1∑
i=0
∑
σ∈Cmi
‖
bσ ′ ‖∗M1/sσ ,( 98 )
([Ψ, 
bθ ]∗ f )(x) + ‖
b‖∗M1/s,( 98 ) f (x)
}
. (2.23)
The estimates for U1, U2, U3 and U4 yield (2.19).
From the proof above, we get the sharp maximal function estimate, by Lemma 2.1 and an easy computation we can get
(2.13) and (2.14), then, we ﬁnished the proof of Theorem 1.1. And also, by (2.15) we get Theorem 1.2. 
3. Proofs of Theorems 1.3 and 1.4
By (2.12) and (2.15), to prove Theorems 1.3 and 1.4, it suﬃces to prove the operators [
b,Φ]∗ and [
b,Ψ ]∗ satisfy the same
type estimate. Precisely, we have the following result.
Lemma 3.1. Under the same assumption as Theorem 1.3, there exists a constant C > 0 such that for all λ > 0 and all bounded func-
tions f with compact support,
μ
({
x ∈ Rd: ∣∣[
b,Φ]∗ f (y)∣∣> λ}) CΩ1/r‖
b‖Oscexp Lr (μ) ∫
Rd
| f (y)|
λ
log1/r
(
2+ | f (y)|
λ
)
dμ(y), (3.24)
and
μ
({
x ∈ Rd: ∣∣[
b,Ψ ]∗ f (y)∣∣> λ}) CΩ1/r‖
b‖Oscexp Lr (μ) ∫
Rd
| f (y)|
λ
log1/r
(
2+ | f (y)|
λ
)
dμ(y). (3.25)
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induction on m. If m = 1, Hu et al. proved the weak type estimate in [11]. Now we assume that m 2 is a integer and that
for any 1  i m − 1 and any subset σ = {σ(1),σ (2), . . . , σ (i)} of {1,2, . . . ,m}. [
b,Ψ ]∗ and [
b,Ψ ]∗ are satisfy the same
weak type estimate. For each ﬁxed bounded and compact supported function f and each λ > 2d+1‖ f ‖L1(μ)/‖μ‖1, applying
the Calderón–Zygmund decomposition to f at level λ (see [13]), we obtain a sequence of cubes {Q j} with bounded overlaps
(that is, Σ jχQ j (x) C < ∞) such that
(i)
λ
2d+1
<
1
μ(2Q j)
∫
Q j
∣∣ f (x)∣∣dμ(x)
and
1
μ(2ηQ j)
∫
ηQ j
∣∣ f (x)∣∣dμ(x) λ
2d+1
for any η > 2;
(ii) | f (x)| λ μ-a.e. on Rd\⋃ j Q j ;
(iii) for each ﬁxed j, let R j be the smallest (6,6n+1)-doubling cube of the form 6mQ j , m  1. Set ω j = χQ j/
∑
m χQm .
Then there is a function θ j with supp θ j ⊂ R j and with constant B > 0 satisfying∫
Rd
θ j(x)dμ(x) =
∫
Q j
f (x)ω j(x)dμ(x),
‖θ j‖L∞(μ)μ(R j) B
∫
Q j
∣∣ f (x)∣∣dμ(x),
and ∑
j
∣∣θ j(x)∣∣ Bλ.
Decompose f as f = g + h, where
g(x) = f (x)χRd\⋃ j Q j (x) +
∑
j
θ j(x),
and
h(x) = f (x) − g(x) =
∑
j
[
ω j(x) f (x) − θ j(x)
]=∑
j
h j(x). (3.26)
Obviously,
[
b,Φ]∗ f (x) [
b,Φ]∗g(x) + [
b,Φ]∗h(x).
Note that ‖g‖L1(μ)  C‖ f ‖L1(μ) . The L2(μ)-boundedness of [
b,Φ]∗ and the fact that |g(x)| Cλ shows that
μ
({
x ∈ Rd: [
b,Φ]∗g(x) > λ}) Cλ−1 ∫
Rd
∣∣ f (y)∣∣dμ(y).
Taking account the fact that
μ
(⋃
j
2Q j
)
 Cλ−1
∫
Rd
∣∣ f (y)∣∣dμ(y).
Then, we see the proof of (2.12) can be reduced to proving that
μ
({
x ∈Rd∖⋃
j
2Q j: [
b,Φ]∗h(x) > λ
})
 C
∫
Rd
| f (y)|
λ
log1/r
(
2+ | f (y)|
λ
)
dμ(y). (3.27)
With the aid of
∏m
i=1[mQ˜ (bi) − bi(z)] =
∑m
i=0
∑
σ∈Cm [b(y) − b(z)]σ ′ [mQ˜ (b) − b(y)]σ , it is easy to see thati
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b,Φ]∗h(x) =
∑
j
[
b,Φ]∗h j(x) =
∑
j
sup
ε>0
∣∣∣∣∣
∫
Rd
KΦε (x, y)
m∏
i=1
[
bi(x) − bi(y)
]
h j(y)dμ(y)
∣∣∣∣∣

∑
j
sup
ε>0
∣∣∣∣∣
∫
Rd
KΦε (x, y)
m∑
i=0
∑
σ∈Cmi
[
b(x) −mQ˜ j (b)
]
σ
[
b(y) −mQ˜ j (b)
]
σ ′h j(y)dμ(y)
∣∣∣∣∣

∑
j
sup
ε>0
∣∣∣∣∣
∫
Rd
KΦε (x, y)
{
m∏
i=1
[
bi(x) −mQ˜ j (bi)
]− m∏
i=1
[
bi(y) −mQ˜ j (bi)
]
−
m−1∑
i=0
∑
σ∈Cmi
[
b(x) −mQ˜ j (b)
]
σ
[
b(y) −mQ˜ j (b)
]
σ ′
}
h j(y)dμ(y)
∣∣∣∣∣

∑
j
sup
ε>0
∣∣∣∣∣
∫
Rd
KΦε (x, y)
m∏
i=1
[
bi(x) −mQ˜ j (bi)
]
h j(y)dμ(y)
∣∣∣∣∣
+
∑
j
sup
ε>0
∣∣∣∣∣
∫
Rd
KΦε (x, y)
m∏
i=1
[
bi(y) −mQ˜ j (bi)
]
h j(y)dμ(y)
∣∣∣∣∣
+
∑
j
sup
ε>0
∣∣∣∣∣
∫
Rd
KΦε (x, y)
{
m−1∑
i=0
∑
σ∈Cmi
[
b(x) −mQ˜ j (b)
]
σ
[
b(y) −mQ˜ j (b)
]
σ ′
}
h j(y)dμ(y)
∣∣∣∣∣

∑
j
(
m∏
i=1
[
bi(x) −mQ˜ j (bi)
])
Φ∗h j(x) +
∑
j
Φ∗
(
m∏
i=1
[
bi −mQ˜ j (bi)
]
h j
)
(x)
+
∑
j
m−1∑
i=0
∑
σ∈Cmi
[ 
bσ ′ ,Φ]∗
([
b(x) −mQ˜ j (b)
]
σ
)
(x)
= I+ II+ III.
Let x j be the center and  j be the side length of Q j , by supph j ⊂ R j , thus for x ∈ Rd\2R j , we have∫
Rd\⋃ j 2Q j
∣∣I(x)∣∣dμ(x)∑
j
∫
Rd\2R j
(
m∏
i=1
∣∣[bi(x) −mQ˜ j (bi)]∣∣
)
sup
ε>0
∫
Rd
∣∣KΦε (x, y) − KΦε (x, x j)∣∣dμ(y)dμ(x)
+
∑
j
∫
2R j\2Q j
(
m∏
i=1
∣∣[bi(x) −mQ˜ j (bi)]∣∣
)
Φ∗h j(x)dμ(x)
= V1 + V2.
By the fact that KΦε satisfy the condition (1.2) uniformly on ε > 0, we get
V1  C
∑
j
(Q j)
δ‖h j‖L1(μ)
∫
Rd\2Q j
∏m
i=1 |[bi(x) −mQ˜ j (bi)]|
|x− x j |n+δ dμ(x)
 C
∑
j
∞∑
k=1
(Q j)
δ‖h j‖L1(μ)
∫
2k+1Q j\2k Q j
∏m
i=1 |[bi(x) −mQ˜ j (bi)]|
|x− x j |n+δ dμ(x)
 C
∑
j
∞∑
k=1
(Q j)
δ
(
2k Q j
)−n−δ‖h j‖L1(μ) ∫
2k+1Q j
m∑
i=1
∑
σ∈Cmi
∣∣[b(x) −m
2˜k+1Q j
(b)
]
σ
∣∣∣∣[m
2˜k+1Q j
(b) −mQ˜ j (b)
]
σ ′
∣∣dμ(x)
 C
∑
j
∞∑
k=1
m∑
i=1
∑
σ∈Cmi
km(Q j)
δ
(
2k Q j
)−n−δ‖h j‖L1(μ) ∫
2k+1Q j
∣∣[b(x) −m
2˜k+1Q j
(b)
]
σ
∣∣dμ(x)
 C
∑
j
∞∑
k=1
km2−nk‖h j‖L1(μ)  C
∑
j
∫
Q
∣∣ f (y)∣∣dμ(y)
j
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‖h j‖L1(μ)  C
∫
Q j
∣∣ f (y)∣∣dμ(y).
For V2, we write as
V2 
∑
j
∫
2R j\2Q j
(∣∣∣∣∣
m∏
i=1
[
bi(x) −mQ˜ j (bi)
]∣∣∣∣∣
)∣∣Φ∗((ω j f )(x) − θ j(x))∣∣dμ(x)

∑
j
∫
2R j\2Q j
(∣∣∣∣∣
m∏
i=1
[
bi(x) −mQ˜ j (bi)
]∣∣∣∣∣
)∣∣Φ∗(ω j f )(x)∣∣dμ(x)
+
∑
j
∫
2R j\2Q j
(∣∣∣∣∣
m∏
i=1
[
bi(x) −mQ˜ j (bi)
]∣∣∣∣∣
)∣∣Φ∗(θ j)(x)∣∣dμ(x)
= V21 + V22
for x ∈ 2R j\2Q j , we have
V21  C
∑
j
∫
2R j\2Q j
∫
Q j
|∏mi=1[bi(x) −mQ˜ j (bi)]|
|x− x j |n
∣∣ f (y)∣∣dμ(y)dμ(x)
 C
∑
j
∫
Q j
∣∣ f (y)∣∣dμ(y) N1−1∑
k=0
∫
2k+1Q j\2k Q j
∑m
i=1
∑
Cmi
|[b(x) −m
2˜k+1Q j
(b)]σ ||[m
2˜k+1Q j
(b) −mQ˜ j (b)]σ ′ |
|x− x j |n dμ(x)
 C
∑
j
∫
Q j
∣∣ f (y)∣∣dμ(y) N1−1∑
k=0
m∑
i=1
∑
Cmi
Sm−i
Q˜ j ,2˜k+1Q j
∫
2k+1Q j
|[b(x) −m
2˜k+1Q j
]σ |
|x− x j |n dμ(x)
 C
∑
j
N1−1∑
k=0
Sm
Q˜ j ,2˜k+1Q j
μ(2k+2Q j)
(2k+2Q j)n
∫
Q j
∣∣ f (y)∣∣dμ(y)
 C
∑
j
∫
Q j
∣∣ f (y)∣∣dμ(y),
where N1 = NQ j ,2R j is such that R j = 6N Q j , and so∣∣m
2˜k+1Q j
(b) −mQ˜ j (b)
∣∣ C SQ j ,2k+1Q j  C SQ j ,2R j  C .
For V22, by L2(μ)-boundedness of Φ∗ , we have that
V22 
∑
j
∫
2R j\2Q j
∣∣∣∣∣
m∏
i=1
[
bi(x) −mQ˜ j (bi)
]∣∣∣∣∣∣∣Φ∗(θ j)(x)∣∣dμ(x)

∑
j
m∑
i=1
∑
Cmi
∫
2R j
∣∣[b(x) −m2˜R j (b)]σ ∣∣∣∣[m2˜R j (b) −mQ˜ j (b)]σ ′ ∣∣∣∣Φ∗θ j(x)∣∣dμ(x)
 C
∑
j
m∑
i=1
∑
Cmi
Sm−i
Q˜ j ,2˜R j
{ ∫
2R j
∣∣[b(x) −m2˜R j (b)]σ ∣∣2 dμ(x)}1/2‖Φ∗θ j‖L2(μ)
 C
∑
j
SmQ j ,2R jμ(4R j)
1/2‖θ j‖L2(μ)  C
∑
j
∫
Q j
∣∣ f (y)∣∣dμ(y).
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Rd\⋃ j 2Q j
∣∣I(x)∣∣dμ(x) C∑
j
∫
Q j
∣∣ f (y)∣∣dμ(y).
Now, let us estimate II, the weak type (1,1) boundedness of Φ∗ tells us that
μ
({
x ∈ Rd: ∣∣II(x)∣∣> λ}) Cλ−1∑
j
∫
Rd
∣∣∣∣∣
m∏
i=1
[
bi(y) −mQ˜ j (bi)
]∣∣∣∣∣∣∣h j(y)∣∣dμ(y)
 Cλ−1
∑
j
∫
Rd
∣∣∣∣∣
m∏
i=1
[
bi(y) −mQ˜ j (bi)
]∣∣∣∣∣∣∣ω j(y) f (y) − θ j(y)∣∣dμ(y)
 Cλ−1
∑
j
∫
Rd
∣∣∣∣∣
m∏
i=1
[
bi(y) −mQ˜ j (bi)
]∣∣∣∣∣∣∣ω j(y) f (y)∣∣dμ(y)
+ Cλ−1
∑
j
∫
Rd
∣∣∣∣∣
m∏
i=1
[
bi(y) −mQ˜ j (bi)
]∣∣∣∣∣∣∣θ j(y)∣∣dμ(y)
 Cλ−1
∑
j
∫
Q j
∣∣∣∣∣
m∏
i=1
[
bi(y) −mQ˜ j (bi)
]∣∣∣∣∣∣∣ f (y)∣∣dμ(y)
+ Cλ−1
∑
j
∫
R j
‖θ j‖L∞(μ)
∣∣∣∣∣
m∏
i=1
[
bi(y) −mQ˜ j (bi)
]∣∣∣∣∣dμ(y)
= E1 + E2.
By the general Hölder inequality, we have
E1  Cλ−1
∑
j
μ(2Q j)‖ f ‖L(log L)1/s,Q j ,μ/μ(2Q j)
(
m∏
i=1
‖bi‖exp Lsi ,Q j ,μ/μ(2Q j)
)
 Cλ−1
∑
j
μ(2Q j) inf
{
t + t
μ(2Q j)
∫
Q j
| f (y)|
t
log1/s
(
2+ | f (y)|
t
)
dμ(y): t > 0
}
 C
∫
Rd
| f (y)|
λ
log1/s
(
2+ | f (y)|
λ
)
dμ(y).
On the other hand, we get
E2  Cλ−1
∑
j
‖θ j‖L∞(μ)
∫
R j
∣∣∣∣∣
m∏
i=1
[
bi(y) −mQ˜ j (bi)
]∣∣∣∣∣dμ(y)
 Cλ−1
∑
j
‖θ j‖L∞(μ)
m∑
i=1
∑
Cmi
∫
R j
∣∣[b(y) −mR˜ j (b)]σ ∣∣∣∣[mR˜ j (b) −mQ˜ j (b)]σ ′ ∣∣dμ(y)
 Cλ−1
∑
j
‖θ j‖L∞(μ)
m∑
i=1
∑
Cmi
Sm−iQ j ,R jμ(R j)
1/sσ ′
∫
R j
∣∣[b(y) −mR˜ j (b)]σ ∣∣dμ(y)
 Cλ−1
∑
j
‖θ j‖L∞(μ)SmQ j ,R jμ(R j) Cλ−1
∫
Rd
∣∣ f (y)∣∣dμ(y)
here we used that SQ j ,R j  SQ j ,6Q j + S6Q j ,R j  C .
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μ
({
x ∈ Rd: III(x) > λ}) C m−1∑
i=1
∑
σ∈Cmi
∫
Rd
ϕ1/s′σ
(∑
j
∣∣[b(y) −mQ˜ j (b)]σ ∣∣ |h j(y)|λ
)
dμ(y)
 C
m−1∑
i=1
∑
σ∈Cmi
∑
j
∫
Rd
ϕ1/s′σ
(∣∣[b(y) −mQ˜ j (b)]σ ∣∣ |ω j(y) f (y)|λ
)
dμ(y)
+ C
m−1∑
i=1
∑
σ∈Cmi
∑
j
∫
Rd
ϕ1/s′σ
(∣∣[b(y) −mQ˜ j (b)]σ ∣∣ |θ j(y)|λ
)
dμ(y)
 F1 + F2.
Set ησ()(t) = exp tsσ() − 1 for  = 1, . . . , i and t > 0. Note that
η−1σ() ∼ log1/sσ() (2+ t)
and
ϕ−11/sσ ′ (t) ∼ t log
−1/sσ ′ (2+ t)
for t > 0, by Lemma 2.2 in [5], we see that for any t0, t1, . . . , ti > 0,
ϕ1/sσ ′ (t0, t1, . . . , ti) Cϕ1/s(t0) + C exp t
sσ(1)
1 + · · · + C exp t
sσ(i)
i .
From this together with J–N inequality, we have
F1  C
∑
j
m−1∑
i=1
∑
σ∈Cmi
‖
bσ ′ ‖Osc
exp L
sσ ′ (μ)
{∫
Rd
ϕ1/s
( |χQ j (y) f (y)|
λ
)
dμ(y)
+
i∑
=1
∫
Rd
exp
( |bσ()(y) −mb˜σ() |
C
χQ j (y)
)sσ()
dμ(y)
}
 C
∫
Rd
| f (y)|
λ
log1/s
(
2+ | f (y)|
λ
)
dμ(y) + C
∑
j
μ(2Q j)
 C
∫
Rd
| f (y)|
λ
log1/s
(
2+ | f (y)|
λ
)
dμ(y).
A same argument as Vσ in [10, p. 253], we get
F2  λ−1
∫
Rd
∣∣ f (y)∣∣dμ(y).
Therefore, for 1 i m − 1, we have
μ
({
x ∈ Rd: ∣∣III(x)∣∣> λ}) C ∫
Rd
ϕ1/s
( | f (y)|
λ
)
dμ(y).
Thus, we complete the estimate of (3.24). A similar proof as above, we also obtain (3.25). So we get Theorems 1.3 and 1.4. 
4. Higher order commutators
When we set b(x) = bi(x) and 1  i m, the maximal commutator deﬁned by (1.8) and (1.9) are turned to be higher
order commutators denoted as follows
T ∗b,m f (x) = sup
ε>0
∣∣∣∣ ∫
|x−y|>ε
K (x, y)
(
b(x) − b(y))m f (y)dμ(y)∣∣∣∣, (4.28)
and
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r>0
1
rn
∫
|x−y|r
∣∣b(x) − b(y)∣∣m∣∣ f (y)∣∣dμ(y). (4.29)
By the way, noting that Oscexp L1(μ) coincides with RBMO(μ), if we set b j = b and r j = 1 for 1  j m, then T ∗
b and
M
b coincides with T
∗
b,m and Mb,m , respectively. As an application of Theorems 1.1–1.4, we have the following estimates for
T ∗b,m , Mb,m which are news.
Theorem 4.1. Let 1 < p < ∞, and b ∈ RBMO(μ). Then there exists a positive constant C such that for all bounded functions f with
compact support,∥∥T ∗b,m f ∥∥Lp(μ)  C‖b‖m∗ ‖ f ‖Lp(μ).
Theorem 4.2. Let 1 < p < ∞, and b ∈ RBMO(μ). Then there exists a positive constant C such that for all bounded functions f with
compact support,
‖Mb,m f ‖Lp(μ)  C‖b‖m∗ ‖ f ‖Lp(μ).
Theorem 4.3. Let b ∈ RBMO(μ) Ωs(t) = t logs(2+ t) for all t > 0 and s > 0. Then there exists a constant C > 0 such that for all λ > 0
and all bounded functions f with compact support,
μ
({
x ∈ Rd: ∣∣T ∗b,m f (x)∣∣> λ}) CΩ1/m‖b‖m∗ ∫
Rd
| f (y)|
λ
log1/m
(
2+ | f (y)|
λ
)
dμ(y).
Theorem 4.4. Let b ∈ RBMO(μ) and Ωs(t) = t logs(2+ t) for all t > 0 and s > 0. Then there exists a constant C > 0 such that for all
λ > 0 and all bounded functions f with compact support,
μ
({
x ∈ Rd: ∣∣M∗b,m f (x)∣∣> λ}) CΩ1/m‖b‖m∗ ∫
Rd
| f (y)|
λ
log1/m
(
2+ | f (y)|
λ
)
dμ(y).
Acknowledgment
The authors would like to thank referee for some valuable suggestions.
References
[1] A. Michael Alphonse, An end point estimate for maximal commutators, J. Fourier Anal. Appl. 6 (2000) 449–456.
[2] C. Pérez, Endpoint estimates for commutators of singular integral operators, J. Funct. Anal. 128 (1995) 163–185.
[3] C. Pérez, Sharp estimates for commutators of singular integrals via iterations of the Hardy–Littlewood maximal function, J. Fourier Anal. Appl. 3 (1997)
743–756.
[4] C. Pérez, G. Pradolini, Sharp weighted endpoint estimates for commutators of singular integral operators, Michigan Math. J. 49 (2001) 23–37.
[5] C. Pérez, R. Trujillo-González, Sharp weighted estimates for multilinear commutators, J. London Math. Soc. 65 (2002) 672–692.
[6] Chen Wengu, Miao Changxing, Vector valued commutators on non-homogeneous spaces, Taiwanese J. Math. 11 (2007).
[7] R.R. Coifman, R. Rochberg, G. Weiss, Factorization theorems for Hardy spaces in several variables, Ann. of Math. 103 (1976) 611–635.
[8] J. García-Cuerva, A.E. Gatto, Boundedness properties of fractional integral operators associated to non-doubling measures, Studia Math. 162 (2004)
245–261.
[9] J. García-Cuerva, J.M. Martell, On the existence of principal values for the Cauthy integral on weighted Lebesgue spaces of non-homogeneous spaces,
J. Funct. Anal. 7 (2001) 469–487.
[10] Hu Guoen, Meng Yan, Yang Dachun, Multilinear commutators of singular integrals with non-doubling measures, Integral Equations Operator Theory 51
(2005) 235–255.
[11] Hu Guoen, Meng Yan, Yang Dachun, Endpoint estimate for maximal commutators with non-doubling measures, Acta Math. Sci. B 26 (2006) 271–280.
[12] X. Tolsa, BMO, H1 and Calderón–Zygmund operators for non-doubling measures, Math. Ann. 319 (2001) 89–149.
[13] X. Tolsa, A proof of the weak (1,1) inequality for singular integrals with non-doubling measures based on a Calderón–Zygmund decomposition, Publ.
Mat. 45 (2001) 163–174.
[14] J. Verdera, The fall of the doubling condition in Calderón–Zygmund theory, Publ. Mat. (2002) 275–292 (extra volume).
